Abstract. We consider the boundary integral equation which arises when the Dirichlet problem in two dimensions is solved using a single-layer potential. A spectral Galerkin method is analyzed, suitable for the case of a smooth domain and smooth boundary data. The use of trigonometric polynomials rather than splines leads to fast convergence in Sobolev spaces of every order. As a result, there is rapid convergence of the approximate solution to the Dirichlet problem and all its derivatives uniformly up to the boundary.
In order to state a basic existence and uniqueness theorem for (1.3), let K denote the real or complex number field and let WX(T) denote the Sobolev space consisting of those functions in Lp(T) which have a weak tangential derivative in Lp(T). Theorem 
([10]). // T is Lipschitz, then the operator (v, a) -> (g, ß) defined by (1.3) is an isomorphism L2(T) XK-» W2X(T) X K.
The proof of this result is straightforward, given the work of Verchota [16] on the classical method of layer potentials for Lipschitz domains.
From this point on, it will be assumed that T is C°°, except where something to the contrary is stated explicitly. Moreover, we shall assume for convenience that T is connected and g e C°°(r).
Numerical methods for solving the integral equation (1.3), or equations closely related to it, have been discussed by many authors, including [1] , [3] , [5] - [12] , [17] . A Galerkin method using periodic splines was analyzed by Hsiao, Kopp, and Wendland [6] , [7] , who proved typical finite element error estimates with polynomial rates of convergence limited by the degree of the splines. Later, Arnold [1] introduced a Petrov-Galerkin method with periodic splines as trial functions and trigonometric polynomials as test functions. He proved error estimates for the resulting approximations to (v,a) in Sobolev norms of arbitrarily large negative order, and from these was able to establish polynomial rates of convergence of arbitrarily high order for the corresponding approximations to U, the error being measured in the L^-norm on compact subsets of R2\ T. Furthermore, by use of the Hubert space Xs e (see Section 5 below), Arnold showed that if T and g are not only C00 but also analytic, then exponential rates of convergence are attained.
In what follows, we shall present a spectral Galerkin method for solving (1.3), in which trigonometric polynomials are used both as test functions and as trial functions. The rates of convergence attained are the same as in the Petrov-Galerkin method of Arnold, but in our case the error estimates also hold in stronger norms, with the result that the approximations to U converge exponentially fast uniformly up to the boundary. We mention that a related technique was discussed briefly in a paper of Henrici [5, pp. 292, 501] . Also, in a recent paper, Lamp, Schleicher, and Wendland [9] have independently studied a generalization of the method, which allows one to deal with a class of periodic, elliptic pseudodifferential equations, and thus have obtained some of our results as special cases. (They consider the spaces Hp only for p = 2.) 
In the special case where y is a circle of radius r, one can take
In the general case, we write (cf. Define the integral operators
then (2.3) may be written (2.5a)
In the next section we shall discuss the solvability of these equations using the and for general p it can be proved using the following Fourier multiplier theorem. Proof. Using Parseval's identity (2.7),
To make use of this result in Theorem 4.1, we must know u g A", e for some e > 1, and hence the remainder of this section is devoted to establishing the necessary regularity theorem. which shows
Ys c Xse for j g R and 0 < 6 < es.
We shall now assume:
, . the functions yx, y2 and / appearing in (2.1) and (2.2) all belong to YSo for some 80 > 0. ll«.-«lljli(n<C..r«'"r«""ll«llr..
for s < r and 1 < e < es°. D Remark 6.2. In part (i) of the above theorem we have not made full use of the results of Sections 3 and 4 but only of the case p = 2. This restriction is due to the trace theorems and to a priori estimates used to prove (6.2) . It is interesting to note, however, that the well-known formula for the normal derivative of a single-layer potential allows one to prove natural error estimates for the normal derivative of U" in Hp(T) for 1 < p < oo. Actually, if instead of Hp one works with the Besov space Bpq, for which the relevant trace theorems and a priori estimates hold for 1 < p < oo,
